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ON GENERALIZED INOUE MANIFOLDS
HISAAKI ENDO AND ANDREI PAJITNOV
ABSTRACT. This paper is about a generalization of famous Inoue’s
surfaces. Let M be a matrix in SLp2n ` 1,Zq having only one real
eigenvalue which is simple. We associate toM a complex manifold
TM of complex dimension n ` 1. This manifold fibers over S
1 with
the fiber T2n`1 and monodromy MJ. Our construction is elemen-
tary and does not use algebraic number theory. We show that some
of the Oeljeklaus-Toma manifolds are biholomorphic to the mani-
folds of type TM . We prove that ifM is not diagonalizable, then TM
does not admit a Ka¨hler structure and is not homeomorphic to any
of Oeljeklaus-Toma manifolds.
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1. INTRODUCTION
1.1. Background. In 1972 M. Inoue [3] constructed complex sur-
faces having remarkable properties: they have second Betti number
equal to zero and contain no complex curves. These surfaces (called
now Inoue surfaces) attracted a lot of attention. It was proved by F.
Bogomolov [1] (see also A. Teleman [9]) that each complex surface
with b2pXq “ 0 containing no complex curves is isomorphic to an
Inoue surface. Inoue surfaces are not algebraic, and moreover they
do not admit Ka¨hler metric (since their first Betti number is odd).
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Let us say that a matrixM P SLp2n`1,Zq is of type I, if it has only
one real eigenvalue which is irrational and simple. Inoue’s construc-
tion associates to every such matrixM P SLp3,Zq a complex surface
TM obtained as a quotient of HˆC by action of a discrete group (here
H is the upper half-plane). This manifold fibers over S1 with fiber T3
and the monodromy of this fibration equals the diffeomorphism of
T3 determined byMJ.
Inoue’s construction was generalized to higher dimensions in sev-
eral papers in particular in a celebrated paper of K. Oeljeklaus and
M. Toma [6]. The construction of Oeljeklaus and Toma uses alge-
braic number theory. It starts with an algebraic number field K.
Denote by s the number of embeddings of K to R and by 2t number
of non-real embeddings of K to C, so that pK : Qq “ s ` 2t. K. Oel-
jeklaus and M. Toma constructed an action of a certain semi-direct
product Zs ⋉ Z2t`s on Hs ˆ Ct, such that the quotient is a compact
complex manifold of complex dimension s ` t. This manifold has in-
teresting geometric properties, studied in details in [6]; in particular,
it does not admit a Ka¨hler metric. The original Inoue surface corre-
sponds to the algebraic number field generated by the eigenvalues of
the matrixM .
1.2. Outline of the paper. In the present paper we introduce an-
other generalization of Inoue’s construction. Our method does not
use algebraic number theory, it generalizes the original Inoue’s ap-
proach. Let and M P SLp2n ` 1,Zq be a matrix of type I. We con-
struct an action of a certain semi-direct product Z⋉Z2n`1 on HˆCn,
the quotient is a complex non-Ka¨hler manifold TM . It fibers over
S1 with fiber T2n`1 and the monodromy of this fibration equals the
diffeomorphism of T2n`1 determined byMJ. The construction of the
manifolds is done in Section 2 and their properties are studied in
Sections 3 and 4.
The basic difference of our construction from the preceding gener-
alizations of Inoue’s work is that the matrixM can be non-diagonalizable.
In the non-diagonalizable case the monodromy of the fibration TM Ñ
S1 is also non-diagonalizable, and this implies that certain Massey
products in the cohomology of TM with local coefficients do not van-
ish. Therefore the manifold TM is not strongly formal (see [7] for def-
inition of strongly formal manifolds). This implies that the manifold
TM and its cartesian powers pTM ql, l P N do not admit a structure of
a Ka¨hler manifold.
In Section 5 we show that some of the Oeljeklaus-Toma manifolds
are biholomorphic to manifolds TM for some special choices of the
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matrix M . Then we show that if M is non-diagonalizable then the
manifold TM is not homeomorphic to any of Oeljeklaus-Toma mani-
folds (see Subsection 5.3).
2. MANIFOLD TM : THE CONSTRUCTION
Let n be a positive integer and M “ pmijq an element of SLp2n `
1,Zq. Suppose that M has eigenvalues α, β1, . . . , βk, β1, . . . , βk P C
which satisfy α P R, α ą 0, α ‰ 1,Impβjq ą 0 for every j P t1, . . . , ku,
and the eigenspace V of M corresponding to α has dimension one.
We denote the generalized eigenspace of M corresponding to an
eigenvalue β byW pβq, namely
W pβq :“ tx P C2n`1 | pM ´ βIqNx “ 0 for some positive integer Nu.
We obtain a direct sum decomposition of C2n`1 into complex M-
invariant subspaces
C2n`1 “ V ‘W ‘W, W :“
kà
j“1
W pβjq, W :“
kà
j“1
W pβjq.
Let a be a real eigenvector ofM corresponding to α and b1, . . . , bn
a basis ofW . Then b1, . . . , bn is a basis ofW , and a, b1, . . . , bn, b1, . . . , bn
is a basis of C2n`1. Let fM : W Ñ W be the restriction of M to W ,
and R “ prijq the matrix of fM in the basis b1, . . . , bn, namely
(1) Mbj “
nÿ
ℓ“1
rℓjbℓ, prℓj P Cq.
Write
a “
¨
˚˝ ap1q...
ap2n`1q
˛
‹‚, b1 “
¨
˚˝ bp1q1...
b
p2n`1q
1
˛
‹‚, . . . , bn “
¨
˚˝ bp1qn...
bp2n`1q
n
˛
‹‚,
where ap1q, . . . , ap2n`1q are real numbers. We also consider the vectors
vi :“ papiq, bpiq1 , . . . , bpiqn q P R ˆ Cn “ R2n`1
ui :“ viJ P R ˆ Cn “ R2n`1, pi P t1, . . . , 2n ` 1uq.
The following lemma is easy to prove.
Lemma 2.1. The vectors v1, . . . , v2n`1 are linearly independent over
R. 
4 HISAAKI ENDO AND ANDREI PAJITNOV
We consider the following matrices and vectors:
B :“ pb1, . . . , bnq “
¨
˚˝ bp1q1 ¨ ¨ ¨ bp1qn... ...
b
p2n`1q
1
¨ ¨ ¨ bp2n`1qn
˛
‹‚,
bpiq :“
´
b
piq
1
, . . . , bpiq
n
¯
P Cn pi P t1, . . . , 2n ` 1uq.
A direct computation proves the following lemma.
Lemma 2.2. The equalityMB “ BR holds. In particular
bpiqR “
2n`1ÿ
j“1
mijb
pjq for every i P t1, . . . , 2n ` 1u. 
Let H be the upper half of the complex plane, namely
H “ tw P C |Impwq ą 0u.
We consider complex-analytic automorphisms g0, g1, . . . , g2n`1 : H ˆ
Cn Ñ H ˆ Cn defined by
g0pw, zq :“ pαw, RJzq, gipw, zq :“ pw, zq ` ui
for every pw, zq P H ˆ Cn and i P t1, . . . , 2n ` 1u. Let GM be the
subgroup of AutpHˆCnq generated by g0, g1, . . . , g2n`1,HM the sub-
group of AutpHˆCnq generated by g1, . . . , g2n`1, and xg0y the infinite
cyclic group generated by g0. Lemma 2.1 implies that HM is a free
abelian group of rank 2n ` 1.
Lemma 2.3. For every i > 1 we have
g0gig
´1
0
“ gmi1
1
¨ ¨ ¨ gmi,2n`1
2n`1 .
In particular,HM is a normal subgroup of GM .
Proof. Let pw, zq P H ˆ C. We have
g0pgipw, zqq “ g0ppw, zq ` uiq “
`
αpw ` apiqq, RJpz ` pbpiqqJq˘
“
˜
αw `
2n`1ÿ
j“1
mija
pjq, RJz `
2n`1ÿ
j“1
mijpbpjqqJ
¸
,
which equals pgmi1
1
¨ ¨ ¨ gmi,2n`1
2n`1 qpg0pw, zqq by Lemma 2.2. 
Observe that the group GM{HM is generated by one element g0.
For pw, zq P HˆC denote Im w by p1pw, zq. We have then p1pgipw, zqq “
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p1pw, zq for i ą 0 and p1pg0pw, zqq “ α ¨ p1pw, zq. Therefore the ele-
ment gn
0
is not in HM for any n P Z.
Proposition 2.4. The groupGM is isomorphic to a semi-direct product
of Z and Z2n`1 associated to the action of Z on Z2n`1 given by the
formula t ¨ v “MJv (where t is a generator of Z and v P Z2n`1).
Proof. It follows from the observation above that the groupGM{HM
is infinite cyclic. Therefore the exact sequence
1 ÝÑ HM ãÑ GM ÝÑ GM{HM ÝÑ 1
is isomorphic to
1 ÝÑ Z2n`1ÝÑ GMÝÑ Z ÝÑ 1.
The action of the group Z on Z2n`1 is easily deduced from Lemma
2.3. 
Corollary 2.5. The group GM admits a finite presentation with gen-
erators g0, g1, . . . , g2n`1 and defining relations
gigj “ gjgi pi, j P t1, . . . , 2n ` 1uq,
g0gig
´1
0
“ gmi1
1
¨ ¨ ¨ gmi,2n`1
2n`1 pi P t1, . . . , 2n ` 1uq.
Proof. It follows from Lemma 2.3 and Proposition 2.4 (see [4, Section
5.4]). 
Corollary 2.6. The groupHM includes the commutator subgroup rGM , GM s
of GM , and the quotientHM{rGM , GM s is finite.
Proof. The first part of the Lemma follows from the fact thatGM{HM
is abelian. Further, Corollary 2.5 implies that the groupHM{rGM , GM s
is isomorphic to the abelian group generated by g1, . . . , g2n`1 with re-
lations
gi “ mi1g1 ` ¨ ¨ ¨ `mi,2n`1g2n`1 pi P t1, . . . , 2n ` 1uq.
Since M does not have eigenvalue 1, we see detpM ´ Iq ‰ 0. Thus
the group HM{rGM , GM s is finite. 
Proposition 2.7. The action of GM on H ˆ Cn is free and properly
discontinuous.
Proof. We will prove that the action is free, the proof of the discon-
tinuity is similar. Let pw, zq P H ˆ Cn, and g P GM . Assume that
gpw, zq “ pw, zq for some pw, zq P H ˆ Cn. Write g “ gm0
0
¨ h, where
h P HM . Observe that p1pgpw, zqq “ αm0 ¨Imw; thereforem0 “ 0, and
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g P HM . THe action of HM leaves invariant the p2n` 1q-dimensional
real affine subspace
V “ tpw1, z1q | Imw1 “ Imwu.
On this spaceHM acts as a full lattice generated by vectors v1, . . . , v2n`1.
This action is free, therefore g “ 1. 
We consider the map gM : R ˆ Cn Ñ R ˆ Cn defined by
gM px, zq :“ pαx, RJzq px P R, z P Cnq.
A direct computation using Lemma 2.2 proves the following Lemma.
Lemma 2.8. The matrix of the linear transformation gM with respect
to the basis pu1, . . . , u2n`1q is equal toMJ. 
By Proposition 2.7, the quotient TM :“ pH ˆ Cnq{GM is a complex
manifold of complex dimension n ` 1. If n “ 1, the manifold TM is
called Inoue surface (see [3]). Since the action of HM on H ˆ Cn is
also free and properly discontinuous, CM :“ pH ˆ Cnq{HM is also a
complex manifold of dimension n`1. If we consider H as ?´1R˚`ˆR,
the group HM acts on
?´1R˚` trivially. The quotient pR ˆ Cnq{HM
is a p2n ` 1q-dimensional torus T2n`1. The map gM descends to a
self-diffeomorphism of T2n`1. Thus we have CM “
?´1R˚` ˆ T2n`1.
Observe that the matrix MJ determines a self-diffeomorphism of
T2n`1, this diffeomorphism will be denoted by the same symbolMJ.
Proposition 2.9. The manifold TM is diffeomorphic to the mapping
torus of
MJ : T2n`1 Ñ T2n`1.
In particular, TM is compact.
Proof. From 2.4, we have the equality
TM “ pH ˆ Cnq{GM “ CM{xg0y “ p
?´1R˚` ˆ T2n`1q{xg0y.
This last manifold is diffeomorphic to the manifold obtained from
r1, αs ˆ T2n`1 by glueing t1u ˆ T2n`1 with tαu ˆ T2n`1 by gM . The
conclusion now follows from Lemma 2.8. 
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3. TOPOLOGICAL PROPERTIES OF TM
We begin by computation of the first Betti number of TM . Then we
show that the homeomorphism type of TM determines the matrixM
up to conjugacy in SLp2n` 1,Zq and invertingM (see Theorem 3.2).
This result implies in particular (Subsection 5.3) that if M is not
diagonalizable, then the manifold TM is not homeomorphic to any of
the manifolds constructed in [6].
3.1. The first Betti number.
Lemma 3.1. The first Betti number b1pTMq of TM is equal to 1.
Proof. The fundamental group pi1pTM q of TM is isomorphic to GM ,
which has the finite presentation given in Corollary 2.5. Hence the
first homology group H1pTM ;Zq is isomorphic to the abelian group
generated by g0, g1, . . . , g2n`1 with relations
gi “ mi1g1 ` ¨ ¨ ¨ `mi,2n`1g2n`1 pi P t1, . . . , 2n ` 1uq.
Since 1 is not an eigenvalue ofM , we have detpM ´Iq ‰ 0. Thus the
first homology group H1pTM ;Qq with rational coefficient is isomor-
phic to Q. 
3.2. On fundamental groups of mapping tori. Let k be a natural
number; any matrix A P SLpk,Zq; determines a homeomorphism
φA : T
k Ñ Tk. Denote by TA the mapping torus of this map, we have
a fibration pA : TA Ñ S1 with fiber Tk.
Theorem 3.2. LetA,B P SLpk,Zq, assume that 1 is not an eigenvalue
of A neither of B. Assume that pi1pTAq « pi1pTBq. Then A is conjugate
to B or to B´1 in SLpk,Zq.
Proof. Consider the infinite cyclic covering TA Ñ TA induced from
the universal covering R Ñ S1 by pA. The space TA is homotopy
equivalent to the fiber of pA, that is, to T
k. Therefore the Milnor
exact sequence [5] of the covering TA Ñ TA is isomorphic to the
following sequence
H1pTkq A´1 // H1pTkq // H1pTAq // H0pTkq 0 // H0pTkq.
Since A ´ 1 is injective, the group H1pTAq is isomorphic to Z ‘ F
where F is a finite abelian group. Therefore there are exactly two
epimorphisms pi1pTAq onto Z, and they are obtained from one an-
other via multiplication by p´1q. Consider the exact sequence of the
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fibration pA:
0 // pi1pTkq // pi1pTAq ppAq˚ // pi1pS1q // 0.
It follows from this sequence that pi1pTAq is isomorphic to the semi-
direct product Z ⋉ Zk where the action of the generator t of pi1pS1q
equals A. Denote by ι the canonical generator of pi1pS1q and choose
an element θA P pi1pTAq such that ppAq˚pθAq “ ι. Let f : pi1pTAq Ñ
pi1pTBq be an isomorphism. It follows from the remark above that
the following diagram is commutative
pi1pTAq
f

ppAq˚
// pi1pS1q
ε

// 0
pi1pTBq ppBq˚ // pi1pS1q // 0
where ε equals 1 or ´1. Therefore the element f pθAq equals θB ¨ g
or pθBq´1 ¨ g with some g P pi1pTkq. Thus the homomorphism A is
conjugate to B or to B´1 in SLpk,Zq. 
Corollary 3.3. If pi1pTAq « pi1pTBq and A is diagonalizable, then B is
also diagonalizable. 
Theorem 3.2 above can be reformulated in terms of semi-direct
products of groups. Let A P SLpk,Zq. Consider the action ˝ of Z
on Zk defined by m ˝ x “ Am ¨ x; denote by SA the corresponding
semi-direct product Z ⋉ Zk.
Corollary 3.4. Let A,B P SLpk,Zq, assume that 1 is not an eigen-
value of A neither of B. Assume that SA « SB. Then A is conjugate
to B or to B´1 in SLpk,Zq.
Proof. Define an action ˝ of SA on R ˆ Rk as follows:
pm,hq ˝ pt, vq “ pt `m,Amv ` hq
The quotient space is clearly KpSA, 1q. It is also easy to see that it is
the mapping torus of the map A : Tk Ñ Tk. Thus SA « SB implies
pi1pTAq « pi1pTBq, and applying the preceding theorem we deduce the
Corollary. 
Definition 3.5. We say that the semi-direct product SA “ Z ⋉ Zk is
of diagonal type, if A is diagonalizable over C and its eigenvalues are
different from 1.
We say that the semi-direct product SA “ Z⋉Zk is of non-diagonal
type, if A is non-diagonalizable over C and its eigenvalues are differ-
ent from 1.
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Corollary 3.6. A semi-direct product of diagonal type is not isomor-
phic to a semi-direct product of non-diagonal type. 
Proposition 3.7. Let A,B P SLp2n ` 1,Zq. The manifolds TA and
TB have then natural orientations. Assume that A is conjugate to B
or to B´1 in SLp2n ` 1,Zq. Then there is an orientation preserving
diffeomorphism TA « TB.
Proof. 1) If A “ C´1BC with C P SLpZ, 2n ` 1q then the required
diffeomorphism is given by the formula px, tq ÞÑ pCx, tq.
2) If A “ C´1B´1C with C P SLpZ, 2n`1q then the required diffeo-
morphism is defined as the composition χ ˝ φ ˝ ψ with
ψ : TA Ñ TA, ψpx, tq “ p´x, tq,
χ : TB´1 Ñ TB, χpx, tq “ px, 1 ´ tq,
φ : TA Ñ TB´1, φpx, tq “ pCx, tq
Observe that ψ and χ reverse orientation, and φ is orientation pre-
serving. The proposition is proved. 
4. GEOMETRIC PROPERTIES OF TM
This section is about the properties of the manifolds TM related
to its complex structure. These properties are mostly similar to the
properties of OT-manifolds. The first section is about the holomor-
phic bundles over TM and their sections.
In the last two subsections we investigate the questions of exis-
tence of Ka¨hler and locally conformally Ka¨hler structures on mani-
folds TM . Here we concentrate ourselves on the case when the ma-
trixM is not diagonalizable.
4.1. Holomorphic bundles on TM and their sections.
Proposition 4.1. Any HM -invariant holomorphic function on H ˆ Cn
is constant.
Proof. Let f : H ˆ Cn Ñ C be a holomorphic function. Suppose
that f pgpw, zqq “ f pw, zq for every g P HM and pw, zq P H ˆ Cn. In
particular, for i > 1 we have
(2) f pw, zq “ f pgipw, zqq “ f ppw, zq ` uiq.
For w0 P H let
Aw “ tpw0, zq | z P Cnu, Bw “ tpw, zq | z P Cn, Im w “ Im wou.
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Then Aw is an n-dimensional complex space, and Bw is a real vector
space of dimension 2n ` 1. We have Aw Ă Bw. The abelian group
generated by the vectors u1, . . . , v2n`1 is a full lattice inBw, therefore
f | Bw is bounded, and so is f | Aw. The function f | Aw is holomor-
phic and bounded, therefore it is constant. Thus f pw, 0q “ f pw, zq
for every pw, zq P H ˆ Cn. Consider a subset
A :“
#
2n`1ÿ
i“1
sia
piq
ˇˇˇ
ˇˇ s1, . . . , s2n`1 P Z
+
Ă R.
Using (2) repeatedly, we deduce that f pw, 0q “ f pw ` ξ, 0q for every
ξ P A. Since a is an eigenvector of M corresponding to α, we have
αapiq P A for every i. The set A0 :“ tpn1 ` n2αqapiq |n1, n2 P Zu is
included in A, and it is dense in R by Kronecker’s density theorem.
Therefore A is also dense in R, and f pw, 0q does not depend on w. 
Our next proposition is similar to [6], Prop. 2.5.
Proposition 4.2. 1) There are no non-trivial holomorphic 1-forms
on TM .
2) Let K “ KTM be the canonical bundle on TM . Let k P N, k ą 0.
Then the bundle Kbk admits no non-trivial global sections. The
Kodaira dimension of TM is therefore equal to ´8.
Proof. 1) Let λ be a holomorphic 1-form on TM . Denote by u :
H ˆ Cn Ñ TM the universal covering of TM . We have
u˚λ “ f0pw, zqdw ` f1pw, zqdz1 ` . . . ` f1pw, zqdzn,
where fi are holomorphic functions on HˆCn; they are invariant with
respect to HM , therefore constant by Proposition 4.1. The form u
˚λ
is also g0-invariant. Since g
˚
0
pdwq “ αdw, we have f0 “ 0. Similarly,
since 1 is not an eigenvalue of M we deduce that fipw, zq “ 0 for
every i > 1.
2) Let ρ be a section of Kbk. Then
u˚ρ “ f pw, zq
´
dw ^ dz1 ^ . . . ^ dzn
¯
.
Similarly to the point 1) we deduce that f pz, wq is a constant func-
tion. Since u˚ρ is also g0-invariant, we have pα ¨ β1 ¨ ¨ ¨βnqk “ 1. The
condition detM “ 1 implies then that pβ¯1 ¨ ¨ ¨ β¯nqk “ 1, and finally
αk “ 1, which is impossible. 
4.2. Ka¨hler structures. It is clear that the manifold TM is not Ka¨hler,
since b1pTM q “ 1. A similar argument implies that the manifold pTM ql
is not Ka¨hler if l is odd. The next proposition extends this property
to all l P N.
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Proposition 4.3. For any l P N the complex manifoldX “ pTMql does
not admit a Ka¨hler structure.
Proof. Consider the composition pi1 : pTM ql p1 // TM π // S1 where
pi is the fibration induced by the mapping torus structure on TM .
The map pi1 is a fibration with fiber pTM ql´1 ˆ T2n`1. The monodromy
homomorphism of this fibration equals Id ˆMJ. This matrix is not
diagonalizable, and the main theorem of [8] implies that pTM ql does
not admit a Ka¨hler structure. 
4.3. Locally conformally Ka¨hler structures. In 1982 F. Tricerri
[10] proved that Inoue manifold admits an LCK-structure. The case
of OT-manifolds is different, it is proved in [6] that the OT-manifolds
XpK,Uq do not admit an LCK-structure for s “ 1.
Proposition 4.4. Assume that M is not diagonalizable. Then TM
does not admit an LCK-structure.
Proof. The proof follows the lines of the corresponding theorem of
Oeljeklaus-Toma [6], Prop. 2.9; in our case the argument is some-
what simpler. Assume that there exists an LCK-structure on TM ;
denote by Ω the corresponding 1-form, so that dΩ “ ω ^ Ω. Con-
sider the infinite cyclic covering p : TM Ñ TM corresponding to the
mapping torus structure of TM . The universal covering HˆCn Ñ TM
factors as follows:
H ˆ Cn q // TM p // TM .
We have a diffeomorphism TM « T2n`1 ˆ R, and replacing the form
pq ˝ pq˚Ω by its average with respect to the action of T2n`1 we can
assume that the form pq ˝ pq˚Ω on H ˆ Cn does not depend on the
coordinates z “ pz1, . . . , znq on every subspace thu ˆ Cn. Let pq ˝
pq˚Ω “ df , with f : H ˆ Cn Ñ R. Since pq ˝ pq˚Ω is a symplectic form
on thu ˆ Cn, this implies df “ 0 on thu ˆ Cn. Put τ “ e´f ¨ pq ˝ pq˚Ω.
Then
τ “
ÿ
06iăj6n
gijpzqdzi ^ dz¯j,
(where we have named the first coordinate of thu ˆ Cn by z0) Here
gijpz0, z1, ¨, znq does not depend on pz1, ¨, znq. Moreover, dτ “ 0, and
this implies easily that gijpzq does not depend on z0 either. We can
assume that f p?´1, 0, . . . , 0q “ 0. Let ξ “ f p?´1, 0, . . . , 0q “ 0 P R,
and µ “ e´ξ. Denote by τ0 the restriction of τ to i ˆ Cn. Then
we have pMJq˚τ0 “ µ ¨ τ0, which implies that the linear map MJ{µ
conserves the non-degenerate 2-form τ0 P ^2pCnq. The symmetric
form σpx, yq “ τ0px, iyq on Cn is a scalar product (since Ω is the
12 HISAAKI ENDO AND ANDREI PAJITNOV
imaginary part of a hermitian form), therefore MJ{µ conserves a
scalar product, which is impossible sinceMJ is non-diagonalizable.

5. RELATIONS WITH THE OELJEKLAUS-TOMA CONSTRUCTION
In this section we study the relation between the manifold TM con-
structed in §2 and the manifolds constructed by K. Oeljeklaus and
M. Toma in [6] (OT-manifolds for short). In Subsection 5.2 we show
that some of OT-manifolds appear as TM -manifolds. In Subsection
5.3 we show that the manifold TM withM non-diagonalizable is not
homeomorphic to any of OT-manifolds.
5.1. Construction of OT-manifolds. Let us first recall the construc-
tion from [6] (in a slightly modified terminology). Let K be an alge-
braic number field. An embedding K ãÑ C is called real if its image
is in R; an embedding which is not real is called complex. Denote
by s the number of real embeddings and by t the number of com-
plex embeddings. Then pK : Qq “ s ` 2t. Let σ1, . . . , σs be the real
embeddings and σs`1, . . . , σs`2t be the complex embeddings; we can
assume that σi “ σt`i for i > s ` 1. The map
σ : K Ñ Rs ˆ Ct; σpxq “ `σ1pxq, . . . , σs`tpxq˘
is an embedding (known as geometric representation of the field K,
see [2], Ch. II, §3). Let O be any order in K, then σpOq is a full
lattice in Rs ˆ Cr. Denote by O˚ the group of all units of O. Dirichlet
theorem (see [2], Ch. II, §4 , Th. 5) says that the group O˚{Tors is a
free abelian group of rank s ` t ´ 1. Assume that t > 1. Choose any
elements u1, . . . , us of this group generating a free abelian subgroup
of rank s. A unit λ P O will be called positive if σipλq ą 0 for every
i 6 s. Replacing ui by u
2
i
if necessary we can assume that every
ui is positive. The subgroup U of O
˚{Tors generated by u1, . . . , us
acts on O and we can form the semi-direct product P “ U ⋉ O. The
group P acts on Cr “ Cs ˆ Ct as follows:
‚ any element ξ P O acts by translation by vector σpξq P Rs ˆ Cr.
‚ any element λ P U acts as follows:
λ ¨ pz1, . . . , zs`tq “ pσ1pλqz1, . . . , σs`tpλqzs`tq.
For i 6 s the numbers σipλq are real and positive, so the subset
Hs ˆ Ct is invariant under the action of P. This action is properly
discontinuous and the quotient is a complex analytic manifold of
dimension s ` t which will be denoted by XpK,O, Uq. The notation
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XpK,Uq used in the article [6] pertains to the case when the order
O is the maximal order of K.
5.2. OT-manifolds as manifolds of type TM . Consider the case
s “ 1. In this subsection we will denote the number of complex em-
beddings of K by n, in order to fit to the terminology of the previous
sections. Then pK : Qq “ 2n`1. We assume that n > 1. Assume that
there is a Dirichlet unit ξ inK such that Qpξq “ K. This assumption
holds for example when there are no proper subfields Q ( K 1 ( K;
this is always the case if 2n`1 is a prime number. Replacing ξ by ξ2
if necessary we can assume that ξ is positive. Denote by O the order
Zrξs, and let U be the group of units, generated by ξ. Denote by P
the minimal polynomial of ξ, let CP be the companion matrix of P ,
and put DP “ CJP .
Proposition 5.1. We have a biholomorphism
TDP « XpK,O, Uq.
Proof. Let us give explicit descriptions of both these manifolds.
1. The manifold XpK,O, Uq.
The lattice σpOq is a free Z-module generated by ei “ σpξiq. Denote
by α, β1, . . . , βn, β¯1, . . . , β¯n, the roots of P (here α P R, βi R R). Then
σpξkq “ pαk, βk
1
, . . . , βk
n
q, and the action of ξ on this basis is given by
the following formula:
ξ ¨ px, z1, . . . , znq “ pαx, β1z1, . . . , βnznq.
2. The manifold TDP .
The eigenvalues of the matrix DP are the same as of the matrix
CP , that is, α, β1, . . . , βn, β¯1, . . . , β¯n,. The corresponding eigenvec-
tors are:
a “ p1, α, . . . , α2nq, bi “ p1, βi, . . . , β2ni q pwhere 1 6 i 6 nq.
The vectors ui generating the groupHDP of translations (see Section
2, page 3) are given by the formula
u1 “ p1, . . . , 1q, u2 “ pα, β1, . . . , βnq, . . . , u2n`1 “ pα2n, β2n1 , . . . , β2nn q.
Both matrices DP , CP restricted to the subspace W generated by
the vectors ui with 2 6 i 6 n ` 1 are diagonal in this bases and
the diagonal entries are equal to β1, . . . , βn. Therefore the element
g0 P GDP acts as follows
g0 ¨ pw, z1, . . . , znq “ pαw, β1z1, . . . , βnznq.
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The proposition follows. 
5.3. The case of non-diagonalizable matrixM .
Lemma 5.2. Let K be an algebraic number field with s “ 1, put
pK : Qq “ 2n ` 1. Let O be an order in K, and ξ a positive unit of
O. Let X “ XpK,O, ξq be the corresponding OT-manifold. Then the
group pi1pXq is a semi-direct product Z ⋉ Z2n`1 of diagonal type.
Proof. The pi1pXq is a semi-direct product SA where A is the ma-
trix of the action of the unit ξ on O. Let P be the minimal polynomial
of ξ. The roots of P are simple and different from 1. Since P pAq “ 0,
the minimal polynomial of A has the same properties. Therefore A
is diagonal and Lemma is proved. 
Proposition 5.3. Let M P SLp2n ` 1,Zq be a matrix of type I and
non-diagonalizable over C. Then the group pi1pTM q is not isomorphic
to the fundamental group of any of manifolds XpK,Uq constructed in
[6]. Therefore TM is not homeomorphic to any of manifoldsXpK,Uq.
Proof. Assume that we have an isomorphism pi1pXpK,Uqq « pi1pTMq.
Since b1ppi1pXpK,Uqqq “ s, and b1ppi1pTM qq “ 1, we have s “ 1.
By Lemma 5.2 pi1pXpK,Uqq is isomorphic to a semi-direct product
Z⋉Z2n`1 of diagonal type. Recall that pi1pTM q is a a semi-direct prod-
uct of a non-diagonal type. Apply Corollary 3.6 and the proof is over.

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